We study the asymptotics of the stationary sojourn time Z of a "typical customer" in a tandem of single-server queues. It is shown that in a certain "intermediate" region of light-tailed service time distributions, Z may take a large value mostly due to a large value of a single service time of one of the customers. Arguments used in the paper also allow us to obtain an elementary proof of the logarithmic asymptotics for the tail distribution of the stationary sojourn time in the whole class of light-tailed distributions.
INTRODUCTION AND MAIN RESULTS
Consider an open queueing network which is a tandem of two single-server queues GI/GI/1 → /GI/1 with "first-come-first-served" service disciplines.
Consider three mutually independent sequences of nonnegative random variables {τ n }, {σ (1) n }, and {σ (2) n }, each of them being an i.i.d. sequence. Here τ n is the interarrival time between the (n − 1)st and nth customers (with mean a = E τ 1 ). Customer n receives service in the first queue of length σ (1) n (with distribution function G (1) and positive mean b (1) = E σ (1) 1 ) and then in the second queue of length σ (2) n (with distribution function G (2) and positive mean b (2) = E σ (2) 1 ). Is it assumed that the network is stable, i.e., max b (1) , b (2) < a. It is well known (see, for example, [1] ) that under this assumption there exists a unique stationary (limiting) distribution of the sojourn time Z in the network (i.e., of the time between customer's arrival at the first queue and its departure from the second queue), and for any initial condition, the distribution of the sojourn time Z n of customer n converges in the total variation norm to the limiting distribution as n → ∞.
The following representation is also known (see, e.g., [2]):
One may interpret formula (1) as follows. Assume that the network has been working infinitely long, starting from time −∞. Then Z = Z 0 is the sojourn time of customer 0 that arrives at time instant t = 0. Note that Z is a monotone function of all variables on the right-hand side of (1): it monotonically increases with the growth of any σ and with the decrease of any τ .
FOSS
The paper studies the asymptotics of the probability P(Z > x) as x tends to infinity. We consider the case where service times distributions in both queues are light-tailed, i.e.,
for i = 1, 2, for some positive λ. Here we use the standard notation: ϕ X (λ) = E e λX is the exponential moment of a random variable X at point λ. For short, in the sequel we write ϕ (i) (λ) = ϕ σ (i) 1 (λ) for i = 1, 2 and ϕ τ (λ) = ϕ τ 1 (λ). For i = 1, 2, denote
and let γ = min γ (1) , γ (2) .
For two positive functions f 1 and f 2 and a constant d ≥ 0, the notation f 1 (x) ∼ df 2 (x) means that
There are the following logarithmic ("rough") asymptotics (see, for example, [3, 4] ).
Theorem 1. Under condition (2), we have − ln P(Z > x) ∼ γx.
All proofs (known to us) of Theorem 1 (see, for example, [3, 4] ) use the large deviation techniques.
Our main result (Theorem 2) provides the exact asymptotics of large deviations under the following additional assumption:
In particular, (3) implies the finiteness of E e γZ . Indeed,
In order to state Theorem 2, we need a number of further definitions and notations. We use the same symbol F to denote a probability distribution on the real line and also its distribution function. Let F be the tail of a distribution F , i.e., F (x) = 1 − F (x), and let F * n be the n-fold convolution of F . A distribution function F belongs to the class L β , β ≥ 0, if F (x) > 0, for all x, and lim x→∞ F (x − y) F (x) = e βy , for any fixed y.
Due to the monotonicity of F , the convergence in (5) F (x + y) F (x) e βy − 1 = 0.
If h 1 and h 2 are two functions satisfying (6), then the function h 3 (x) = h 1 (x) + h 2 (x − h 1 (x)) has the same property. The distribution function F of a random variable X belongs to the class S β , β ≥ 0, if F ∈ L β , ϕ X (β) < ∞, and F * 2 (x) = P(X 1 + X 2 > x) ∼ 2ϕ X (β)F (x), as x → ∞,
